Valence force field-based Monte Carlo bond-rotation method for the determination of sp Over the past decades, great attention has been drawn toward understanding the nature and characteristics of nanostructured carbon materials and exploring their potential application in a variety of mechanical, 1 electronic, 2 optoelectronic, 3 and energy storage devices. [4] [5] [6] In particular, the unique ability of carbon networks to reorganize the atomic structure and accordingly modify the properties makes the study of nanostructured carbon very rich and intriguing. Ion, electron, and photon irradiation methods 7, 8 have been recently employed to tailor carbon nanostructures, for instance, through creation of small topological defects, 9 nanoribbons, 10 dislocations, 8 and grain boundaries. 11 However, the local atomic configurations of disordered carbons are not yet fully clarified, despite their importance in understanding and manipulating relevant properties; this is due in part to the difficulty of direct characterization. Until relatively recently, atomic-scale imaging of the structure of carbons would have been hardly achievable, although transmission electron microscopy (TEM) would seem to be an ideal tool. Given that computational approaches can be a powerful and flexible alternative.
In recent years, increased efforts have been undertaken to develop structural models for sp 2 -bonded carbon using various computational techniques including ab initio structural relaxation, [12] [13] [14] [15] [16] tight-binding molecular dynamics (MD), [17] [18] [19] [20] and classical force-field methods. [21] [22] [23] First principles methods permit an accurate description of atomic arrangements, but are quite limited in the number of atoms and time scale they can handle. Classical MD simulations with empirical force fields can deal with relatively large systems, but still suffer from time scale limitations that could hamper complete structural relaxation, particularly for strong network lattices of covalently-bonded carbon atoms.
Previous experimental studies 8, [24] [25] [26] have shown that sp 2 -bonded carbon may undergo structure rearrangements under irradiation at high temperatures without creation of a noticeable amount of undercoordinated atoms. This implies that the carbon lattices can be well represented by fullycoordinated networks, which has also been supported by earlier first principles calculations. 12, 17 In addition, there is general agreement that the structural transformation between different configurations may occur predominantly via successive C-C bond rotations, the so-called Stone-Wales (SW) bond rotations. 27 This may suggest that thermodynamically favored structural models could be obtained through comparisons of the energetics of possible trivalent structures generated by a series of SW bond rotations. A natural choice of computational method to implement this idea would be Metropolis Monte Carlo (MMC). 28 Moreover, the MMC approach does not involve bond formation=scission such that a computationally less expensive force field model can be used, which in turn permits simulation of large systems.
In this paper, we present a MC bond-rotation scheme based on a simple but reliable valence force field (VFF) for determination of the structure and energetics of sp 2 -bonded carbon structures. The VFF is parameterized to fit the energetics of various model structures from density functional theory (DFT) calculations. We evaluate how well the VFF calculates the structure and energetics of sp 2 -bonded carbon through comparisons with DFT and other available force field (FF) models. We also apply the VFF-based MC method to investigate possible configurations for multi-vacancy defects (V 2n , 2 n 8). The computational approach turns out to be very effective in identifying possible minimumenergy configurations of sp 
II. CALCULATION METHODS

A. Density functional theory
All DFT calculations herein were performed using the well-established plane wave program, VASP, 29 within the generalized gradient approximation of Perdew and Wang (GGA-PW91). 30 Vanderbilt-type ultrasoft pseudopotentials 31 were adopted to describe the interaction between ion cores and valence electrons. Valence electron wave-functions were expanded using a plane wave basis set with a kinetic-energy cut-off of 400 eV. All structures were fully-relaxed using the conjugate gradient method until residual forces on constituent atoms became smaller than 5 Â 10 À2 eV=Å . Brillouinzone (BZ) sampling was performed using k-point meshes in the scheme of Monkhorst-Pack (M-P). 32 
B. Valence force field model and parameter determination
Within the VFF model, the energetics of sp 2 -bonded carbon structures is evaluated in terms of the increase in energy with respect to the total C-C bond energy corresponding to a single sheet of graphite (referred to as graphene) in the ground state. Here, we adopted a four-parameter VFF model that takes into account the contributions of: (i) two-body bond stretching, (ii) three-body bond bending, (iii) four-body curvature-induced pyramidalization, and (iv) p-orbital misalignment between two adjacent carbon atoms. A more sophisticated VFF model 33 with six parameters has been developed particularly to describe the phonon properties of graphite and nanotubes; however, as demonstrated later the simplified four-parameter model turns out to be sufficient for the determination of the relative stability of carbon nanostructures that insignificantly deviate in bond topologies from the reference graphene structure.
Given the four-parameter model, we write the energy of sp 2 -bonded carbon as
where k r , k h , k / , and k u are adjustable parameters to be determined, the subscripts ij, ik, il, and ijk represent pairs and triplets involving atoms i, j, k, and l (while j, k, and l are the three neighbors of i), r ij is the interatomic distance between atoms i and j, and h ijk is the angle between bonds ij and ik. Here,r ij ¼r i Àr j wherer i is the atomic position vector of atom i, and cosh ijk and p i are defined as cos h ijk ¼r ij Ár ik r ij r ik ;
Note that in the summations double counting of triple interactions is avoided. 33 The four parameters (k r , k h , k / , k u ) were adjusted to fit DFT-GGA calculations in the following sequence that corresponds to an increase in the degrees of freedom of each training set: (1) k r ; (2) k h ; and (3) k / and k u ; training sets employed in parameter optimization are illustrated in Fig. 1 . The best-fit parameters are listed in Table I, 
, where E ðnÞ DFT and E ðnÞ VFF refer to the DFT and VFF energies, respectively, of the nth of N total models in the training set; the energies were evaluated based on fully-relaxed structures (with the same network) from each calculation.
For the GGA value of r 0 ¼ 1.424 Å (and the hexagon interior angle of h 0 ¼ 120 ), k r was first optimized based on the total energy variation of graphene as a function of lattice constant (À2% to 5%) [see Fig. 1(a) ], and then k h was adjusted to match the formation energy of a single StoneWales (SW) defect that is made by a 90 degree in-plane rotation of a C-C bond about its center [ Fig. 1(b) ]; the resulting pentagons and heptagons have interior angles varying from 100 to 141 . For the DFT calculations, we used a 4-atom supercell for the lattice constant variation and a 288-atom (6 Â 12 unit cells) supercell for the SW defect formation energy; the respective Brillouin-zone (BZ) integrations were performed using 8 Â 12 Â 1 and 2 Â 2 Â 1 (Monkhorst-Pack) k-point meshes.
Next, we determined k / and k u simultaneously using two different sizes of fullerene (C 36 and C 60 ) and two different nanotube structures [armchair (5, 5) and zigzag (8, 0)] [ Fig. 1(c) ]. The strain in nonplanar conjugated carbon structures arises from pyramidalization and p-orbital misalignment. 34 Very little p-orbital misalignment, if any, exists in fullerene structures; for instance, the p-orbitals of C 60 are perfectly aligned. 35 Hence, the strain in fullerenes is predominantly caused by pyramidalization. 35 On the other hand, in the case of nanotubes p-orbital misalignment tends to be the main source of strain with a minor contribution of pyramidalization; for instance, the armchair (5, 5) structure consists of two types of C-C bonds with p-orbital misalignment angles of either u ¼ 0 or 21.3 , while the pyramidalization angle of its sidewall is only / % 6.0 . 36 For the fullerene calculations, we employed a cubic periodic supercell of 20 Å sides (which is sufficiently large to avoid unphysical interactions with the periodic images. The periodic supercells for the armchair and zigzag nanotubes include 10 unit cells (corresponding to 2.47 nm long according to the DFT-GGA) and 6 unit cells (2.56 nm long) along the tube axis, respectively; the lateral separation between the (periodic image) tube centers is about 20 Å . C-point BZ sampling was used for the DFT calculations of both fullerenes and nanotubes.
C. Metropolis Monte Carlo
For a defective system, its atomic structure is allowed to evolve toward thermodynamic equilibrium though MC bond-rotation moves, as depicted in Fig. 2 . Similar to the Wooten-Winer-Weaire (WWW) bond transposition scheme, 37 a bond-rotation move involves the breaking of two bonds (A-B and C-D) followed by the making of two new bonds (A-C and B-D). In a perfect hexagonal lattice, such bond-rotation leads to SW defect formation (where four adjacent hexagons are transformed into two pentagons and two heptagons). The acceptance or rejection of each bondswitching move is determined using probability P ¼ min[1, exp(ÀDE=k B T)], where DE is the energy difference between the old and the trial configuration; the old and trial structures were fully relaxed by the Polak and Ribiere's conjugategradient method. 38 Successive MC bond-rotation moves enable one to search all possible configurations of a sp 2 -bonded carbon system, regardless of kinetic barriers associated.
According to earlier theoretical calculations, 39,40 the barriers for C-C bond rotations are in the range of 4-10 eV, depending on the local atomic configuration. Given the large barriers, thermally-activated bond rotation appears to be infrequent under typical annealing conditions (< 1000 C); however, the structural interconversion via the bond rotation mechanism is likely facilitated by moderate-energy electron irradiation. Very recently Kotakoski et al. 8 provided evidence that irradiation-induced topological defects can gradually undergo transformation into more stable configurations though successive bond rotations under continued electronbeam exposure (in which electron energies were just above the threshold for atom displacement). As demonstrated later our MC bond-rotation scheme combined with the fourparameter VFF model well describes the structural relaxation process and effectively determines the minimum-energy configurations of disordered (sp 2 -bonded) carbon nanostructures of various dimensions.
III. RESULTS AND DISCUSSION
A. Comparison between VFF and DFT
We first evaluated the accuracy and reliability of the four-parameter VFF model [referred to as VFF(LH) hereafter to distinguish it from other VFF models] in calculation of the structure and energetics of sp 555-777, and 5555-7777 di-vacancies (V 2 ), and (iii) "inverse Stone-Wales (ISW or 7-5-5-7)" di-interstitial (I 2 ), as depicted in Figs. 2 and 3 . The V 2 5-8-5, 555-777, and 5555-7777 defects may undergo interconversion via StoneWales bond rotations (see Fig. 3 ); while they all have been observed experimentally, 8, 42 the 555-777 defect is likely to be the most energetically favorable form. 14, 17 For the I 2 ISW defect, the formation of the abutting 5-membered rings and two 7-membered rings induces a strong local curvature. Our MMC simulations based on VFF(LH) consistently predicted the 555-777 and ISW defects to be thermodynamically the most probable V 2 -and I 2 -type defects, respectively, consistent with previous studies. 15, 17 Fig. 4 summarizes the predicted formation energies of these small topological defects from DFT-GGA, VFF(LH), VFF(PT), and BOD-FF(BR) calculations. The formation energy (E f ) is given by:
, where E(N6n) represents the total energy of the N (Nþn or N-n)-atom supercell containing a single SW defect (n interstitials or vacancies) and E = (N) is the N-atom pristine graphene total energy. Here, we used a supercell with N ¼ 288 (corresponding to 6 Â 12 unit cells), and an (2 Â 2 Â 1) k-point M-P mesh for BZ sampling. Overall VFF(LH) yields the best agreement with DFT, while VFF(PT) and BOD-FF(BR) tend to overestimate the formation energies except for the ISW defect; this is not surprising because VFF(LH) parameters were optimized based on DFT-GGA calculations. Using VFF(LH)-based MMC simulations, we constructed even-numbered C 2n (15 n 35) fullerenes; the MC bond-rotation approach turns out to be very effective in identification of possible fullerene configurations. Our simulations well reproduced the minimum-energy configurations of fullerenes with various sizes (including D 6h symmetry C 36 in Ref. 43 , truncated icosahedron (I h ) C 60 in Ref. 44 , and D 5h symmetry C 70 in Ref. 45) , while obeying the so-called isolated pentagon rule (IPR) 46 ,47 for large structures (2n ¼ 60, 70, and 2n > 70).
Figures 5 and 6 summarize the relative formation energies (Ê f per carbon atom) of fullerenes and nanotubes with respect to defect-free graphene, which we obtained from DFT, VFF(LH), VF(PT), and BOD-FF(BR) calculations. Here, both (n, n) armchair and (m, 0) zigzag nanotubes with different diameters (n ¼ 5-9 and m ¼ 8-12) were considered to examine the diameter and chirality dependences. Ê f is calculated by fE(N) -E = (N)g=N, where E(N) and E = (N) refer to the total energies of N-atom fullerene (or nanotube) and pristine graphene, respectively. The conditions employed for the DFT and FF calculations are described in Sec. II. B. For a wide size range of both fullerenes and nanotubes, the DFT-GGA and VFF(LH) formation energies are in excellent agreement, whereas VFF(PT) and BOD-FF(BR) somewhat overestimate and underestimate the nanotube formation energies, respectively, and they both yield higher formation energies for fullerenes as compared to DFT-GGA. The quantitative agreement between VFF(LH) and DFT suggests that the simplified four-parameter model can be sufficient for determination of the structure and thermodynamic stability of sp 2 -bonded carbon (that insignificantly deviates in bond lengths and bond angles from the ideal honeycomb lattice of graphene). However, we should point out that more sophisticated FF models such as VFF(PT) might be necessary to describe more rigorously the phonon dispersions and vibrational properties.
B. Multi-vacancy structures in graphene
Vacancies are believed to be the predominant defects in graphene, 48, 49 and can be created during growth or upon irradiation. 7, 8 Monovacancies were naturally the first choice of study in earlier theoretical investigations 50 and transmission electron microscopy (TEM) experiments; 8, 9 however, they may undergo migration with moderate activation energy ($1.7 eV) (Ref. 51 ) and agglomerate into vacancy clusters at elevated temperatures. The accurate determination of multivacancy structures is of great importance for a better understanding of the properties of defective graphene. Using the VFF(LH)-based MMC scheme, we investigated possible configurations for multi-vacancy defects (V 2n , 2 n 8). Here, a relatively large (6240 -2n)-atom supercell (corresponding to 30 Â 52 unit cells with 2n vacancies) to avoid the unwanted interaction between periodic images.
In the size regime, our simulations consistently predicted that the minimum-energy structures are grouped into "loop" (see Fig. 7 ) and "dislocation" (see Fig. 8 ). The looptype defect consists of a chain of alternating pentagons and heptagons that surrounds a cluster of hexagons (rotated by 30 with respect to the original lattice). As the number of vacancies increases, the inner hexagonal lattice becomes two-dimensional rather than elongated in one direction; interestingly, in V 12 the 5-7 pairs can be favorably arranged to enclose a circular-shaped domain. Very recently, the formation of loop-type multi-vacancy defects was evidenced by HRTEM measurements. 8 In addition, the 5-7 chains tend to be a key building block for graphene grain boundaries, according to a recent CVD (chemical vapor deposition) growth study of graphene. 11 For each dislocation-type defect, there are two separated 5-7 pairs with different chirality; that is, a 5-7 defect (þ dislocation) and a 7-5 defect (À dislocation). The distance between the edge dislocation dipoles increases with increasing the number of vacancies; the dislocation structure has been rather well studied. 14, 52 As summarized in Fig. 9 , our VFF calculations predict that when less than twelve vacancies the loop structure is thermodynamically more stable than the dislocation structure while the larger clusters favor the dislocation type. 
IV. SUMMARY
We developed a VFF-based MC bond-rotation scheme that can be applied to identify the minimum-energy configurations of sp 2 -bonded carbon. We adopted a four-parameter VFF model that takes into account two-body bond stretching, three-body bond bending, four-body curvature-induced pyramidalization, and p-orbital misalignment between two adjacent carbon atoms. The parameters were adjusted to fit DFT-GGA results for both planar and non-planar model structures. We demonstrated that the VFF very closely reproduces the DFT formation energies of small topological defects in graphene, fullerenes, and nanotubes; the quantitative agreement suggests that the simplified four-parameter model can be sufficient for evaluation of the thermodynamic stability of sp 2 -bonded carbon (that insignificantly deviates in bond lengths and bond angles from the ideal honeycomb lattice of graphene). Combined with the simple but reliable VFF, the MC bond-rotation method consistently yielded the minimum-energy configurations of fullerenes with various sizes and small topological defects in graphene. This clearly demonstrates that this computation approach can be an effective way to identify possible sp 2 -bonded carbon structures (free of coordination defects). Note that the current VFF model is only applicable to cases with no bond-coordination defect; however, it could further be improved by taking into account additional penalty energy terms associated with under-or over-coordinated C atoms to address their effects on the structural properties and energetics. 53 Finally, we applied this method to the study of multi-vacancy defects (V 2n , 2 n 8) that render no under-or over-coordinated atoms. In this size regime, our simulations show that the vacancies tend to be grouped into loop-and dislocation-type defects; when less than twelve vacancies the loop structure is predicted to be thermodynamically more stable than the dislocation structure, while the larger clusters favor the dislocation type. We envision that the modeling effort will contribute to a better understanding of the structural properties of carbon-based materials, which will further provide valuable guidance on how to manipulate the carbon structure to achieve desired properties for specific applications including electronics, optoelectronics, energy storage, and sensors. 
